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NOTE ON CONVERGENCE IN TOPOLOGY 


Richard Arens 


FOREWORD 


Topology, which is a generalization of geometry, axiomatizes the 
notions of open set and closed set. Here we show a method of arriving 
at the same result by axiomatizing the notion of convergence. To under- 
stand what the difference in these approaches is, one should have had 
a course in point set topology. However to see wherein this paper 
differs from 10 or 20 others on the same topic (which we explain in 
the introduction) one should be acquainted with some of the references 
in the bibliography. 





1. One of the earlier activities in the field of point-set theoretic 
topology was the study of “‘convergence spaces” in which there was 
defined a mode or notion of convergence of sequences of points. The 
axiomatic definition of these notions varied in content and appearance 
to suit the purpose and style of various authors (cf. the reievant 
sections of the texts listed at the end of this note). Partly for this 
reason, point set theory is now more commonly based on the notions of 
“open set” or of “closure’’ than on convergence. More recently, the 
class of possible subjects for the verb ‘to converge’ has been greatly 
increased (Birkhoff III; Tukey; Cartan: (see Bourbaki)), and it has 
been shown that the topology of a space can be characterized by stating 
which of the possibly convergent things do converge and if so, to what. 
The results of the present note deal with a case in which all the dif- 
ferent “generalized sequences {x,}'’ involved are based on the same 
system of subscribed indices. In particular, the system of indices 
may be the class of natural numbers. Thus we have here a portion of 
the theory of those spaces in which limits are always accessible through 
ordinary sequences. 

The paper had its origin in reflections on the notion of “con- 
vergence in measure” and as to why it is brought into the study of 
integration when at first glance “convergence almost everywhere” seems 
to be the desired phenomenon. The answer (considered in detail at the 
end of the paper) is that both these convergences determine the same 
topology, but this topology determines only convergence in measure. 
The ideas here presented are related to those expressed by G. Birkhoff 
(IV, p. 30) concerning “star-convergence”. 


2. A partially ordered set D is one in which a binary relation 
m<n or n>m is defined such that a>p if m>n and n>p. D is moreover 
directed if for m, néD there is some p>am, n. We shall always use ‘w’ 
to designate the directed set of natural numbers {1, 2, --- }, which 
is the chief example. 
Let D be partially ordered and let f be a function defined on D with 
values in D, i.e., f(m)e D for née D. We shall say that f has cofinal 
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values if for each pe D there is an néD such that f(n)>p. We shall 
say that f(n)-@ if for each peD there is an aeD such that f(n)>p 
for all n>a. » 
Let X by any class, and let D be any directed set, and let & be a 
function defined on D with values in X, i.e., €(n)€X for neD. Then 
we call € a system of points in X directed by D.' The set of values 
{€(n)} is called the range of €. The directed system € is of course 
not the same thing as its range. A system of points directed by the 
directed set » of natural numbers is called a sequence. One example 


should reconcile the reader to this terminology if it is new to him: 
consider the sequence 


2.1 (5, 4, ©, 3, <1, 4, -°:). 
It is not stretching the meaning of 2.1 to say that it means merely 


that €(1)=5, &(2)=4, £(3)=0, €(4)=-1, €(5)=4, ete. This sequence 


is distinct from 


2.2 n= G, 5, 0, 3, -l, 4, *, *---) (*= same as for &). 


for n(1) =345=€(1). However, they have the same range, viz., 
2.3 2, S, 0, 3, -1, ---} = (5, 4, oe eres 2 


Note that if € is a system directed by D and if f is a function 
defined on D with values in D and we define 


2.4 min) = E(f(n)) € X, 


then 7) is also a system directed by D. If f(n)-~, then 7 is called a 
directed subsystem of (Cf. “ subsequence” ). 
3. Let D and X be as above. 


A limit process ‘lm’ based on D and X is a law which assigns to 
each system € of points in X directed by D* a class of points of X, 
If x is in the set of points which lm assigns to €, we shall write 


3.1 im, €(n) = x. 


With a given , there may be several, only one, or no points x for 
which 3.1 holds. 


We present now some axioms which some directed systems satisfy. 
Henceforth a, n, p will denote elements of the directed set D; f, g,h, -:- 


"In this context it is customary to write ¢, instead of (n), but there is no 
logical reason for departing from the standard functional notation. 


2We shall abbreviate this to “directed system ¢"’. 
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will denote functions defined on D with values in D; and €, 7, possibly 
with indices, will denote directed systems. 


3.2 If €(m)=x for every n, then Im €(n) = 2. 


3.3 If Im, €(n) = x and if f(n)>n for each n then Im &(f(n)) = x. 


3.4 Suppose lm, ¢ (n) = x, for each meD, and lm x = x.' Then there 


are f and g such that 1m, F#m) (g(n)) = x. 
3.41 Suppose lm & (n) = x, for each m, and lm, x, =x. Then there are 
f and g such that f(n)-o and lm, £ ¢¢n) (8()) =z. 


3.5 Let x and € be such that whenever f(n) has cofinal values a g 
can be found such that lm, €(f(g(n))) = x. Then Im, é(n) = =. 


We remark two things. If ‘f(n)> n’ in 3.3 is replaced by ‘f(n)~®,’ a 
stronger axiom is obtained. Hence we have chosen 3.3. Also, 3.41 is 
stronger than 3.4. 


4. For reference, we enumerate the axioms of a topological space X, 
taking as primitive notion that of closure (see Alexandroff-Hoff, 
Topologie I, p. 37, Kuratowski’s axioms). 


4.1 (AuB) =A uB. (A, B subsets of X) 
4.2 AcA 


4.3 (A) =A 
4.4 A =A (A is the void set). 


If A=A , A is closed; if the complement of A is closed, A is open. 
In terms of open sets, x€A if and only if every open V which contains 
x intersects A-in a non-void set. 

To be definite, we quote the following definition: 


4.5. A system € of points of a topological space X directed by D 
converges to a point x¢€X if and only if for every open set 
V containing x there is an a€D such that £(n)€ V for all n>a. 
If € converges to x, we shall write 


4.6 lim, ¢(n) =z, 


The limit process defined by 4.6 satisfies 3.2 and 3.3, but it may 
not satisfy 3.4 or even 3.41 as we shall see later. 
We wish to give a characterization of 4.6 in terms of closure. 


4.7 Theorem: 4.6 holds if and only if xe {€(f(n))} whenever f has 
cofinal values, 


Proof: First suppose lim, ¢(n) =x, but that x¢{€(f(n))} . By 4.5, 


"This latter really means that if we define (a) =x, then lm (a) = x. Hence x 
may be regarded as an abbreviation for (a) where » is the directed system which 
=, defines. The expression €#(n) (elm)) has e similar interpretation. 
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there exists an méD such that €(p)¢ {€(f(n))} for p>m. Hence f(p) is 
never > a. Hence f does not assume cofinal values. Conversely let &(n) 
not converge to x. Then by 4.5 there is an open V containing x such 
that for each m there is an na f(m)>m such that &(n)€V. Clearly f 
assumes cofinal values but since V does not intersect {€(f(n))}, 


xf {E(f(n))} . 


5. The first result here relating an abstractly given limit process 
to topological spaces is as follows. 


5.1 Theorem: Let the limit process lm based on X and D satisfy 
3.2-3.4. For each subset A of X define A as follows: 


5.2 A is the class of all x for which £ can be found with £(n)€A 
such that lm, E(n) =x, 


Then the operation ‘~’ satisfies 4.1-4.4 and lm, &(n) =x implies 
lim, &(n) = x (see 4.6). 


Proof: 4.2 and 4.4 are obvious; and since 5.2 entails A <C when 
Ac<C, we need in 4.1 only show (AuB) CA UB . Now if xe (AUB) then 
either there exists an m such that €(n)€B for all n>«m or for every a 
there is an n=f(m)>m with €(f(m))€A. In the former case x€B and 
in the latter case x€ A, by 3.3. For 4.3 let x€ (A ) . Then there 
exists a & such that &(n)€A_ and Im, €(n) = x. Moreover, for each n 
there exists a €&, such that £,(m)€A and Im. &,(m) = €(n) for each n. 
An application of 3.4 yields x€A . Now suppose Im, €(n) = x. Let f have 
cofinal values. For each m there is ann with f(n)>m, Let g(m) = f(n). 
Then Im, €(g(m)) = x by 3.3, whence x€{*(f(n))} . By 4.7, lim, (n)=x. 
This completes the proof of 5.1. 


5.3 Corollary: Let 3.4 in 5.1 be replaced by 3.41. Then a directed 


set € which converges to x has a subsystem £(f(n)) for which 
Im, €(f(n)) = x. 


Proof: Let lim, €(n) =x. For each m, néD define f,(n)>m, n. By 4.7, 
x€{é(f,(n))}". By 5.2, there exists a g, with g.(n)=f,(p)>m for 
some suitable value of p with lm &(g.(n)) =x. On the other hand 


lm, x= x. Hence by 3.41, there exist h and k, h(n)-, such that 


1m, &(g (k(n))) = x, 
Therefore, let an 


l(n) = Bain) (k(n)). 


Then 1(n)>h(n)-o, -and thus 7(n) =€(1(n)) is a directed subsystem 
of € which has lm, 7(n) =x, as desired. 

The hypotheses of 5.1 and 5.3 do not suffice to prove that 
lim, ¢(n) = x implies lm, ¢(n) =x, as the following example shows. 
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Let X = the real number system, and let D=w, For each sequence x, of 
real numbers write lmx, =x when =|x, -x| <a. Now lim l/n = 0, “but 
Im,(1/n)=0 is false. We "leave the study of this example to the reader, 
and turn to a condition which enables us to conclude Im,£(n) = 
when lim, €(n) = x. 


5.4 Corollary, Adjoin 3.5 to the hypothesis of 5.1. Then lim, &(n) = x 
if (and only if) lm, ¢(n) =x. 


Proof: Let lim, ¢(n) = x. Let f(m) have cofinal values. Then 
xe {E(f(n))} , and ce g can be found (by 5.2) so that lm, é(f(g(n))) =z. 
By 3.5 1m, E(n) =x, as desired. 


6. This section is devoted to some examples. D shall always be w, the 
directed set of natural numbers. 

The first example X is a topological space, in which 6.1 every point 
of A is the limit of a sequence in A(A¢X), but in which the first 
axiom of countability [Hausdorff, p. 229 (9)] is not fulfilled. 

X consists of all pairs (m,n) of natural numbers and one “ideal” 
point z. We refer to the class of points (m,n) (n variable, m fixed) as 
the m-th colum, m=1,2,---. For AcX we define 


-_ e if A has only finitely many points on each colum 


Au {z} otherwise 


The reader may verify 4.1-4.4. In fact, X is a zero dimensional com- 
pletely normal [Alexandroff-Hopf, p. 69] space. 
Let us reformulate the first axiom of countability as follows. 


6.2 For each x€X there exists a countable family of closed sets 
{A,, Ay, ***, | ae } none containing x and such that if any closed set 
A does not contain x then A, contains A for at least one n. 


Now 6.2 is violated for x=z in our example. Each A, is closed and 
hence meets the n-th colum in a finite set F,. Select a finite subset 
G, on the n-th column such that G, > F, but G, ZF,, and let 
A=G,uG,u- “UG, U-+++,. Now A is not ountaiael in any A,. 

Now hin can n En) converge? If and only if €(n) ultimately decides 
to lie on one column, and on that column becomes ultimately constant or 
tends upward. Thus 5.1 and 5.4 apply. Hence we have shown 6.1. 

Now make the set X and adjoin points “1”, “2”, -** , “n”,***; where n 
shall be called ‘the capital’ of the n-th column. For ACY define 
A = AuBuC where B is the class of capitals of those columns which A 
intersects in infinite sets, and where C is void if B is finite and has 
z as its sole member if B is infinite. This Y is easily seen to be also 
a* zero-dimensional completely normal topological space. The topological 
limit process lim here satisfies 3.2, 3.3, 3.5, but not 3.4. To see 
that 3.4 fails, take €.(n) = (n,m). Then lim,¢,(n) = = (a capital) and 
lima =z. But 3.4 fails because z is the limit of no sequence from the 
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union of the columns. To see this, observe that when a sequence con- 
verges, in a Hausdorff space, its limit is also its only limit-point. 
Hence the sequence presumably converging to z could have only finitely 
many elements on each column (otherwise that capital would be a limit- 
point) whence not even z would be a limit-point. 

A fortiori, this Y cannot satisfy the first axiom of countability. 

Let Z be the complement of the class of capitals in Y, and for 
AcZ define A =Z 1 (the closure of A in Y). This makes Z into a 
a non-discrete topological space in which all compact sets are finite. 
Also, all compact sets are open. No sequence from Z-{z} can converge to 
z as before. 

Finally, consider the class S of finite-valued, measurable functions 
on a set of finite measure (cf. E. J. McShane, pp. 160 et seqq.). The 
theorems on term-by-term integration peculiar to Lebesque integration 
leave no doubt as to the importance of the limit process Im, f, = f which 
means that f(x) approaches f(x) for almost all x (‘convergence almost 
everywhere”). The relations between convergence almost everywhere and 
convergence in measure (cf. McShane) make it clear that 5.1 and 5.3 
apply and that convergence in measure is merely the lim of 4.6 in the 
topological space S in which closure has been defined (in 5.2) by means 
of lm, i.e., convergence almost everywhere. Stated in another way, con- 
vergence almost everywhere and convergence in measure determine the 
same topological space S, but (in general) only convergence in measure 
satisfies 3.5, and hence also the coriditions of Corollary 5.4. 
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DUALITY AND DIFFERENTIAL CALCULUS 
IN THE PLANE 
R. T. Hood 


Early in the nineteenth century the fast-developing field of 
projective geometry was enriched by the introduction of a notion known 
as the Principle of Duality, which states that any theorem in projective 
geometry dealing with points and lines can give rise to another theorem 
simply by substituting lines for points in it, and vice versa. The one 
theorem is called the dual of the other. This principle was apparently 
recognized by Poncelet and used by him extensively, although it was not 
stated as an independent principle until 1826 (by Gergonne). 

This principle implied that in projective geometry the point and the 
line were abstractly identical. A consequence of this was that geometers 
began to realize that it was no longer necessary to consider the point 
as the fundamental element of the plane. One could equally well start 
with a line. Then instead of a line being thought of as the totality 
of points lying on it, a point could be thought of as the totality of 
lines passing through it. A curve could be thought of as made up of its 
tangents instead of its points. It was thus possible to build up a whole 
new geometry based upon the line as the fundamental element. Because of 
the importance of tangents in this geometry, it was called tangential or 
line geometry as opposed to the cartesian or point geometry with which 
we are so much more familiar. 

In analytic tangential geometry it would seem reasonable to have a 
coordinate system in which lines are represented by coordinates and 
points and curves by equations. Mobius introduced such a system in 1827. 
The most satisfactory set of coordinates to use is the set of negative 
reciprocals of the intercepts of the line in question. These will be 
denoted by u and v, respectively. Pliicker used these coordinates in his 
work in 1829. All lines except lines passing through the origin can be 
represented by them, just as in point geometry all points can be repre- 
sented by cartesian coordinates except those situated on the line at 
infinity. There is thus seen a dual correspondence between the origin 
and the line at infinity. 

Any line not passing through the origin has an equation of the form 


x 
a* 37) 


where a and b are its intercepts, or 


235 
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(1) (-2)24(-P)y+1= 0. 


The coordinates of the line are u =-t, v =-f; that is, they are the 


coefficients of x and y, respectively in (1). 
Consider a line with coordinates (u,, v,). Its point equation is 


(2) uyxtvyy+1=0. 
If the point (x,, y,) lies on this line, then 
u,x, + v,y, + 1 = 0. 


Now let u, and v, become variables. Writing them u and v, we have the 


equation 


(3) xut+yv+1=0. 


1 


Every pair of values u and v satisfying this equation represents a line 
which passes through the point (x,, y,). Equation (3) represents a 
family of lines through (x,, y,). In line geometry a point is considered 
as a pencil of lines. Therefore, (3) is the line equation of the point 
(x,, ¥,)- 


The line equation of the point The point equation of the line 
(x,, y,) is xu + y,v +1 = 0. (u,, v,) isu x+y +1= 0. 


A whole analytic geometry, based on line coordinates u and v instead 
of point coordinates x and y, has been developed. One result from this 
geometry is necessary to the later portion of this paper — the equation 
of the point of intersection of two lines (u,, v,) and (u,, v,). It is 


u v l 
(4) u, v, | 
l 


Us Vo 


Consider the equation 
(5) v = f(u), 


expressing v as a single-valued continuous function of u for at least 
some range of values of u. For every value of u in that range, equation 
(5) determines a corresponding value of v, thus designating a certain 
line in the plane. As u varies continuously, v varies continuously, and 
the line moves continuously, enveloping a curve as it moves. Equation 
(5) is said to be the equation of this curve. 

It is the purpose of the remainder of this paper to investigate the 
derivative f‘(u) in line geometry (this will be called the line 


derivative as opposed to a which will be called the point derivative), 
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to see what uses can be made of it, and to call attention to certain 
dual facts and procedures which may be uncovered in the process. Let a 
curve (in line geometry this may mean a point, since a point also has 
an equation) have the equation (5) restricted as above. Then the line 
derivative is defined as one would expect, 


flut+Adu) - flu) 
Au : 





(6) f'(u) = lis 


u-O0 


where Su is an increment in u and f(u+Au) is the corresponding 
increment in v. 

The equation of the point (x,, y,) (not on the x-axis) may be written 
by means of (3) 


. ; , ‘ X ‘ ‘ : 

Here the line derivative is a constant——. This is the slope of a line 
‘ . , ' y , 
perpendicular to another line having the slope a that is, perpen- 
1 
dicular to the radius vector drawn to the point (x,, y,). Clearly all 
points on a line with the origin have the radii vectores of the same 
slope and consequently have the same line derivative. In point geometry 
parallel lines had the same slope. These are dual circumstances which 
we may state thus: 


All points collinear with the All lines concurrent with the 
origin have the same line de- line at infinity have the same 
rivative. point derivative. 


The question of interpreting f'(u) for a general curve still remains. 
Let (u,, v,) and (u,+Au, v,+Av) be two lines on the curve v= f(u). 
By (4) the point of intersection of these lines has the equation 


u v l 
uy v, l = 0, 
u,+4u v tdv 1 


-Av Au 
BU, Vy Uy, vy 
Au Av Au Av 





1 1 
Au Av 





. . . : Au 
The point coordinates of this point are | ; 


‘i = v 
(| du Av | 


the radius vector drawn to it has the slope - ae the slope of the 


perpendicular to this radius vector is “. Now as Au approaches zero, 
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Av approaches zero, and the second line approaches the first. The point 
of intersection of the two lines approaches the point of contact of 


(u,, v,) with the curve v= f(u). The quantity 3 approaches, by defini- 


tion, the line derivative f'(u,). Therefore, if the variables u and v 
are connected as in (5), the line derivative “at” the line (u,, v,) is 
the slope of a line perpendicular to the radius vector drawn to the 
point of contact of (u,, v,) and the curve. For simplicity in what 
follows, the radius vector drawn to the point of contact of (u,, v,) and 
the curve will be called the contact vector for the line (u,, v,). 

The line derivative can be used to find the intercepts of a curve. 
By setting it equal to zero and solving the resulting equation, one 
obtains those values of u for which the perpendicular to the contact 
vector has a slope of zero and is thus parallel to the x-axis. Thus 
the contact vector mst lie on the y-axis. From such a value u, one can 
compute the corresponding v,; the y-intercept of the curve is then - >. 
By changing the equation of the curve to the form u=9(v), setting 9’ (v) 
equal to zero, solving for v, computing the corresponding u, and taking 
its negative reciprocal, one can obtain the x-intercepts of the curve. 

Here is manifested a dual relationship between a maximum or minimum 
point (or a point of inflection where the curve has a horizontal 
tangent) and a y-intercept. The one is found by setting a point deriva- 
tive equal to zero; the other is found by treating a line derivative in 
the same way. A similar relationship exists between vertical tangents 
and x-intercepts. No longer should the finding of maximum and minimum 
points be considered the deeper problem merely because calculus is 
involved. In line geometry they can easily be found (maximum and minimum 
values of the ordinate, at least) without any resort to calculus. 

One can also find the slope of a curve at any point on it. Knowing 
the point, the slope of the radius vector to it is easily found. The 
line derivative must now be set equal to the negative reciprocal of that 
quantity. The resulting equation is solved for u, giving one coordinate 
of the line; from the equation of the curve the corresponding v is 
determined, giving the other coordinate. If the coopdinates are (u,, v, ) 
the slope of the line is- sl. Obviously, this will not work for finding 
the slope of a curve at tho exiain. 

In line geometry, however, a more natural problem would be to 
determine the point of contact of a certain tangent to the curve. This 
can be done both geometrically and algebraically. Let the curve have 
the equation 


(5) v = flu), 


and let the line be (u,, v,). Obtain the line derivative f'(u,). This 
is the negative reciprocal of the slope of the contact vector for 
(u,, v,). Construct, therefore, through the origin a line having the 


slope WF: This line will evidently meet the line (u,, v,) in the 
required point of contact. 
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To obtain the equation of this point of contact, consider the 
quantity - 7 ‘% This is the slope of the contact vector for (u,, v,) 
uy 
and-thus is the ratio of the y-coordinate of the point to the x-co- 
ordinate. That means the point has an equation of the form 


f'(u,)u-vtk =z 0, 


since 


The peint lies on the line (u,, v,). Therefore, the proper value of k is 
that for which the equation 


f'(u,)u, -v, +k = 0 
holds, or 
k= v,-u, f'(u,). 
Thus the equation is 


f'(u,)u-vtv, -u, filu,) 
or 


(8) = 








— 
v,-u,f'(u ) v, 


In this work it is assumed that (u,, v,) is not a line through the 
origin. If k happens to be zero then instead of (8) the equation of 
the point of contact is 


(9) f'(u,)u-v = 0, 


which represents a family of parallel lines and thus defines the point 
of contact to be the point at infinity. Obviously, if u, and v, are 
finite, k cannot be infinite, for if it were, equation (8) would 
represent the origin, a point not even on the tangent line. Finally, 
no real difficulty results if f'(u,) is either zero or infinite; in 
the first case the point of contact lies on the y-axis, in the second 
it lies on the x-axis. 

Another form into which (8) can be put is the following one which is 
reminiscent of the point-slope form of the point equation of a line: 


(10) v-v, = f'(u,)(u-u,). 
Here again the principle of duality is neatly illustrated. 


The point equation of the tangent The line equation of the point of 
to the curve y= f(x) at the point contact of the curve v= f(u) and 
(x, y,) is the line (u,, v,) is 


y-y, = f'(x,)(x-x,). v-v, = f'(u,)(u-u,). 
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An asymptote to a curve may be defined as a tangent to that curve 
at a point at infinity, provided that tangent is not the line at 
infinity itself. The line derivative f'(u) “at” a certain line of the 
curve is the slope of a perpendicular to the contact vector for that 
line. If the point of contact is on the line at infinity, the contact 
vector will have the same slope as the asymptote, and the line 
derivative will be the negative reciprocal of this slope. Thus if the 


asymptote is the line (u,, v,) (having a slope-—), the line deriva- 


tive f'(u,) will be equal to "1 Hence to find ‘the asymptotes of 


: . | 
a curve, set the line derivative equal to ~ or f(a) | solve for u, 


compute the corresponding v's from the eqeation of the curve, and their 
coordinates are determined. This method does not apply to asymptotes 
through the origin since such lines do not have finite coordinates. 

If, in considering a curve y= f(x) in point geometry, one set f' (x) 


y f(x) 


equal to = or 
x x 


points of the curve at which tangents pass through the origin. 


, solved for x and computed y, one would obtain the 


The coordinates of a point on 
the curve y=f(x) at which the 
tangent passes through the origin 
are found by solving the equation 


f(x) 


x 


f' (x) = 


for x and computing the corre- 


The coordinates of a tangent to 
the curve v= f(u) whose point of 
contact lies on the line at infin- 
ity are found by solving the 
equation 
flu) 
f'(u) =| 


for u and computing the cor- 


sponding y. responding v. 


If asymptotes to a curve can be found by the above method, then 
setting f'(u) equal to-= and solving with equation (5) for u and v 


will give the coordinates of a line of the curve not parallel but 
perpendicular to the contact vector. That particular contact vector, 
being perpendicular to the tangent, is perpendicular to the curve. Thus 
the radii vectores which cut the curve orthogonally can be determined 
(except, of course, where the curve passes through the origin). It is 
necessary simply to construct through the origin a perpendicular to the 
tangent obtained by this procedure. If this tangent is (u,, v,) the 
required radius vector will have the slope ys. 


In point geometry, the analogous procedure will yield a point the 
radius vector through which cuts the curve orthogonally. Thus the prob- 
lem of determining such radii vectores is very close to being self-dual. 


Let the equation of the curve 


v= f(u) 


Let the equation of the curve 


y= f(x) 
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be solved simultaneously with 


f'(x) = 


=. = 
f'(x) 


to yield, we shall suppose, a 
solution x=x,, y=y,. These are 
the coordinates of a point the 
radius vector through which cuts 


the curve orthogonally and has 


the slope - 
" 


be solved simultaneously with 


‘ -u 
f (u) - f (a) 
to yield, we shall suppose, a 
solution u=u,, v=v,. These are 
the coordinates of a line the 
contact vector for which cuts 
the curve orthogonally and has 


v 
1 
the slope — . 


The second line derivative f"(u) is defined as the rate of change of 
f'(u) with respect to u. Consequently, it is the rate of change of the 
slope of a line perpendicular to the contact vector for a general line 
of the curve v= f(u). This slope will increase, decrease, or remain the 
same as u increases, according as f'(u) is positive, negative, or zero. 
But the slope of the contact vector itself will likewise increase, 
decrease, or remain the same under those circumstances. Thus, for a 
finite value u, of u such that f"(u,) =0, the slope of the contact 
vector has a stationary value. That is, as u ranges over an interval 
of values containing u,, the contact vector rotates about the origin in 
one direction, stops, and rotates back in the opposite direction, the 
stopping place corresponding to u=u,. In other words, the contact 
vector for the line whose u-coordinate is u, (and we shall call its 
v-coordinate v,) has a maximum or a minimum inclination to the x-axis. 
(This may be only a relative maximum or minimum.) Thus at least a 
limited part of the curve in the neighborhood of u=u, lies entirely on 
one side of this contact vector. The curve cannot be tangent to this 
contact vector (even though it would then lie on one side), for then 
u, and v, would both have to be infinite (or one of them infinite and 
the other indeterminate). Thus at the point of contact of the line 
(u,, v,) with the curve there must be a cusp. It is easy to see how a 
cusp could arise quite naturally in a curve which is generated by a 
straight line. There must be no corner (point at which a finite angle 
is made by two tangents to the curve) at this point, for v must be a 
continuous function of u. Moreover, the cusp must be such that the 
tangent (u,, v,) lies between its two branches as shown in figure 1 and 
not as in figure 2, for in the latter case v would not be a single- 
valued function of u in the neighborhood of u=u,. This is easily seen 
by the figure. 

Then by setting f"(u) equal to zero, solving for u, and computing 
the corresponding v, one can obtain the coordinates (u,, v,) of a 
tangent to the curve through a cusp on it. By methods already noted, 
the point of contact of this tangent with the curve can be found. This 
will be the vertex of the cusp. It is possible to obtain more informa- 
tion about this cusp—that is, to determine on which side of the 
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contact vector it lies. If, as u increases through u,, the contact 
vector rotates first counter-clockwise and then clockwise, f"(u) mst 
be first positive, then zero, and then negative. That is, it decreases, 
and the rate of change of f"(u) with respect to u is negative at u=u,. 








Fig. 1. One value of v corresponds to one value of u. 








Fig. 2. Two values of v correspond to one value of u. 
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But this rate of change is precisely f"(u,). Thus if f"(u,) is negative, 
the cusp lies on the clockwise side of the contact vector for (u,, »,) 
(on the right side as it would appear to an observer standing at the 
origin and looking towards the vertex of the cusp). A similar argument 
will show that the cusp lies on the other side when f"(u,) is positive. 
In case f"(u,)=0, the test fails. 


The coordinates of a point of 
inflection on the curve y= f(x) 
are found by solving f"(x) =0 
for x and computing the corre- 
sponding y. The slope of the 
curve at this point is found by 
methods already developed. If the 


x-coordinate of this point is %,, 


The coordinates of a tangent 
through a cusp on the curve 
v=f(u) are found by solving 
f"(u)=0 for u and computing the 
corresponding v. The vertex of 
this cusp (point of contact of 
this tangent) is found by methods 
already developed. If the u-coor- 


dinate of this tangent is u,, the 
cusp lies on the counter-clockwise 
or clockwise side of the contact 
vector for this tangent according 
as f"(u,) is positive or negative. 


the curve is rising or falling 
through this point according as 
f"(x,) is positive or negative. 


It is almost intuitively evident that a point of inflection and a 
cusp are duals of each other if the curves containing them are thought 
of as being generated by a straight line and a point, respectively. Both 
the line and the point move in one manner, stop, and then move in the 
opposite manner. The line rotates first in one direction and then in the 
other; the point moves first in one direction and then in the other. 

In this paper only plane geometry and functions of a single variable 
have been considered. There is, however, a principle of duality in 
three-dimensional space in which the point and the plane are duals of 
each other. An analytic geometry can here be developed, based upon the 
plane as the fundamental element and considering surfaces, curves, and 
points as made up of planes. Coordinates commonly used to represent a 
plane are the negative reciprocals of its intercepts on the x-, y-, and 
z-axes (designated by the letters u, v, w). As before, elements (in this 
case planes) through the origin are not considered. In this type of 
geometry calculus also finds a place, and interpretations and appli- 


cations of the partial planar derivatives, ow and ow can be devised. 


ou dv’ 
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TEACHING OF MATHEMATICS 
Edited by 
Joseph Seidlin and C. N. Shuster 


This department is devoted to the teaching of mathematics. Thus articles on 
methodology, exposition, curriculum, tests and measurements, and any other 
topic related to teaching, are invited. Papers on any subject in which you, as 
@ teacher, are interested, or questions which you would like others to discuss, 
should be sent to Joseph Seidlin, Alfred University, Alfred, New York. 


ADVANCED MATHEMATICS 


FROM AN ELEMENTARY STANDPOINT 
M. R. Spiegel 


There are many results in the field of mathematics which, however 
beautiful and inspiring they may be, have never been revealed to the 
student who does not go beyond a first course in the calculus. The 
author has found that many of these results can be obtained with but 
a few mathematical tools and a little imagination. The methods, it 
cannot be denied, are somewhat heuristic, but the student can be made 
aware that he is essentially “discovering mathematics” (with, of course, 
the aid of a teacher) and that a “revarnishing with rigour”’ is to take 
place after an intuitive understanding of the problem has been achieved 
in order to make a derivation complete in all details. 

Two interesting results, formerly falling into the category of 
“advanced techniques” are the following well-known (to the advanced) 
series 


32 
Bie oun te 
34 90 


Normally, to derive these, one needs at least a background of Fourier 
series and, if one is somewhat ingenious, one can derive them with the 
aid of integral equations or complex variable theory. 

It is the purpose of this article to show how, not only these 
results, but other very interesting and useful results may be derived 
with only the aid of simple elementary algebra and elementary calculus. 

The student is aware, first of all, that if a polynomial vanishes 
for x = a then the polynomial has (x-a) as a factor. A little imagina- 
tion plus some facility for generalization will make plausible the 
following question. If the theorem is true for polynomials, why could 
it not be true for any function — for example sinx (to take the 
next complicated function after polynomials)? If the theorem is true, 
then it should be possible, since x = 0, tm, +27, +++ are the values 
of x which make the function sinx vanish, to write 
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9 
(1) sinx = x(x? -77) (x2 - (27)?)(x? - (37)?) --- 


(Here the question mark surmounts the equals sign always as a symbol 
of doubt since we do not know yet whether the conjecture is correct.) 

We now adopt the simple expediency of substituting a value for x 
to see if “both sides of (1) are equal”. In a sense we are “performing 
an experiment”, A simple value to substitute is x = 7/6 (30° expressed 
in radians). Performing the experiment, we see that both sides are not 
equal. Nevertheless, courage and a faith in the validity of our 
conjecture prevent us from resignation (plus, of course, the faith in 
the teacher). Suddenly the inspiration of rearranging the right hand 
side of (1) presents itself and after some more experimentation we 
finally arrive at the possibility 


: ? x* x? 
sins *x[1- 5] [a - md 


Substitution of x = 7/6 on both sides and a subsequent comparison 
makes us convinced that the formla is correct but, as elementary 
investigators, with none of the powerful tools of analysis to give us 
support, we cannot yet remove the symbol of interrogation from over the 
equals sign. The more values of x that we try, however, the more we 
are convinced of the validity of our newly derived formula. When we are 
convinced enough (just as the physicist is when his set of experiments 
has yielded some unification of results) we decide to remove the 
question mark from the paper. As mathematicians, however, we keep it 
only in our minds and write 


(2) zs E = [1 2 
x . n (2m)? 


where we have divided by x only because it seems so different from 

the other factors on the right hand side. If we multiply all of the 

factors on the right hand side of (2) in the manner we were taught in 
elementary algebra we obtain 

ee ={3 1 

x in. £ 


(3) 





+ eee + 


x‘ l 1 


+— + 
w* (172% = 17 3® 273? 


Now we realize that sinx can be written 


sinx = a + bx + cx® +dx* + +s. 


where the constants a,b,¢,+++ may be determined in’ the usual way using 
Maclaurin series as in elementary calculus. Making use of this we find 
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(3) sin x x? x4 


2 oa eae 
Comparing (2) with (3) we seem to have no choice but to observe that 


ele | 7 
eae teen 
(our first formula) and 
l l l 
1292 * y232 °°" * 9232 * 








which is not our second result. 
We do, however, notice that 


> = l 
et oe as * be * °° 


as can be seen by actually performing the indicated operations. It 
follows therefore that 


7} 


l “ 4 
if * 24 * 34 


+ ee 


* 34 120 


(our second result). It is possible also to extend the method to 


l 


, 1 , ; 
evaluate the series <= + rd ++++* and other series with even exponent. 


16 
It will be observed that we have not, by this method, obtained a closed 
form for the series 
; 4 
1° 
In fact even the most advanced techniques have failed in this respect. 

The precise conditions, or if you like, reasons why the above method 
works, are available to the mathematician. He need only go to any 
advanced textbook to find out. Nevertheless, it is surprising how simple 
the method is and how useful it is for obtaining many results. For 
example we may find by the method the sum of reciprocal even powers of 
the zeros of the following functions (a) Jo(x) (b) J,(x), n>0 
(c) cosh x cosx +1 (d) tanx -x to mention just a few. Part (c) 
comes up in the theory of vibrations of an elastic bar as investigated 
by Lord Kelvin. 

To summarize, I would like to suggest that just as Felix Klein 
has asked us to reexamine “Elementary Mathematics From An Advanced 
Standpoint”, it might be a good idea to present to our students 
some “Advanced Mathematics from an Elementary Standpoint”’. 


] ] 


s i fli 


Rensselaer Polytechnic Institute. 











A NOTE ON THE USE OF DISCRIMINANTS 
Robert E. Horton 


Many beginning students of mathematics make the mistake of learning 
techniques without gaining an understanding of the reasons underlying 
those techniques. An illustration follows which shows how the unwary 
student might be trapped by a blind dependence upon the discriminant 
of a quadratic. 

Suppose the student is required to find the members of the family 
of parabolas kx - y’ = 9 which are tangent to the circle x* + y = 16. 
The usual first reaction might be to solve the pair sim]taneously 
getting a quadratic in x containing k in one or more of the coeffici- 
ents. Then setting the discriminant of this quadratic equal to zero he 
might expect to obtain the conditions on k which would yield the 
required parakola. Proceeding to do this we have 





x? + y* = 16 
kx - y? = 9 
x* + kx = 25 


or x* + kx - 25 = 0. Then set the discriminant of this equation equal 
to zero; that is, k? + 100 = 0. This equation has as roots k = t 10i. 

Here the beginning student might draw the conclusion that there is 
no member of the family of parabolas with real values of k which will 
be tangent to the circle. However, the student upon sketching the circle 
and several members of the family of parabolas would see that a parabola 
with real k certainly should be expected from the general configuration. 

Somewhat disturbed but still hopeful of finding the real k he 
proceeds to eliminate x from the two equations. Doing so a quartic 
in y is obtained of the form y* + (18 + k*)y* + (81 - 16k”) = 0. If the 
student considered this as a quadratic in y° and set the resulting 
discriminant equal to zero he would have (18 + k*)* - 4(81 - 16k”) = 0 
or k*(k* + 100) = 0. Thus he again obtains as roots k= +10i and k = 0. 

With this evidence he is convinced that there is no real k which 
will make for tangency as k = 0 obviously will not work. 

However, by trial and error he might find out that for k= +9/4 
he has obtained real members of the family of parabolas which are 
tangent to the circle. Our unwary student now is about ready to assume 
that the method of equating discriminants to zero is an unreliable one. 

It is at this point that the instructor must be careful to point 
out what is wrong with the student’s application of a technique to a 
situation where it can not be expected to provide results. In the first 
use of the discriminant of the quadratic in x, the student should have 
noted that due to symmetry the two x coordinates of the intersections 
of the circle and any member of the parabola family would be equal. 
Thus the discriminant will not yield any information. 
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In the second application of the discriminant the student again 
should observe from symmetry that the coordinates of intersection of 
any member of the parabola family with the circle would be of the 
from (x,,y,) and (x,,-y,). Now any quadratic in y with roots ty, 
must be of the type y2 - p= 0 and the discriminant of this can not be 
zero unless p itself is zero. 

It is this last possibility which proves to be the case. For if 
the equation y* + (18 + k*)y* + (81 - 16k”) = 0 is solved for y* and 


then for y we have y = t+ 14(-18 - k* + k {k* + 100). For these roots 


to be equal they must be zero. Thus the conditions on k are 


-(18 + k?) tk Jk? + 100 = 0 


The roots of this equation are k= + 9/4. These are the values of k for 
which the student has been ,searching. 

A careful observer would have seen from symmetry the necessity 
for the point of tangency to have a zero y coordinate and thereby 
could have obtained the result k= + 9/4 almost immediately. 





Los Angeles City College. 























AN ELEMENTARY INTRODUCTION TO THE 
CALCULUS OF VARIATIONS 


Magnus R. Hestenes 


1. Introduction. Calculus of variations is concerned primarily 
with the study of maxima and minima of real valued functions. In the 
elementary calculus we study the problem of maximizing or minimizing 
a function f(x) of a single variable x. The results are then extended 
to a function f(x,y) of two variables x and y. Next functions f (x,y,z) 
of three variables are considered, and so on. In the calculus of varia- 
tions the variables need not be points but may be arcs or surfaces. 
For example, we may wish to find an arc of shortest length joining two 
given points or a surface of least area having a given boundary. Because 
the variables are in general arcs and surfaces, it is to be expected 
that the technical details may become rather involved. However, the 
problems considered are easily described and the main results easily 
understood. The present paper will be devoted to description of typical 
problems together with some of the main results. We shall restrict 
ourselves to the case when the independent variables are curves. 

Perhaps the simplest problem in the calculus of variations is that 
of finding arcs of least length satisfying prescribed conditions. The 
curve of least length joining two given points is of course a straight 
line segment. If the curves are restricted to lie on a sphere, the curve 
of least length is an arc of a great circle. What the curves of least 
length (called geodesics) are on a torus or on a more complicated 
surface is not at all obvious and their study forms an interesting 
chapter in the calculus of variations and differential geometry. 

It is an interesting fact that the theory of the calculus of varia- 
tions did not arise initially through the study of curves of least 
length. It arose instead through the study of paths of least time, called 
Brachistochrones. In 1696 the Bernoulli brothers studied the following 
problem: Consider a bead of unit mass sliding along a wire joining two 
fixed points and subject only to gravitational force. How shall the wire 
be shaped so that the bead will traverse the wire in the least time? 
It can be shown that the wire must take the shape of an inverted 
cycloid. Through the study of this and related problems the Bernoulli 
brothers followed by Euler and Lagrange began the development of the 
modern theory of the calculus of variations. 

In the following pages we shall in general restrict ourselves to 
minimizing arcs. The corresponding results for maximizing arcs are 
obtained by reversing inequalities whenever they occur. 

Typical questions that arise in the calculus of variations are the 
following: 


1. Does the minimum problem have a solution? 
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2. If it has a solution what properties does the solution have and 
how can the solution be found? 

3. What properties will insure that a given arc be a solution of a 
given problem? 

4. Does a problem have various types of solutions and how are they 
to be classified? 


We do not propose to answer all of these questions here but shall 
content ourselves with remarks that are pertinent relative to the 
second question. 


2. Problems in the plane. Consider now an arc C joining two points 
1 and 2 as show in the accompanying figure. There are infinitely many 


2 


1 C...1 








Fig. 2.1 


arcs of this type. The length of C is given by the formla 


(2:1) 1(c) = f “(i+y!?)* ax, 


x 
1 


Here and elsewhere y’' denotes the slope dy/dx of the curve at the point 
(x,y). Thus, the arc of shortest length is one which minimizes I(C). 
If we ask for the arc joining 1 and 2, which when revolved about the 
x-axis generates the surface of revolution of minimum area, then this 
arc mist minimize the integral 


x 


2 
(2:2) 1(c) =f y(1t+y!?)*dx. 


ad | 


This integral when miltiplied by 27 represents the area of the surface 
of revolution generated by C, 

Let us now consider a path of least time joining two given points l 
and 2 subject only to gravitational force. To this end it is convenient 
to choose the y-axis to be the vertical axis directed downward as 
indicated in Figure 2:2. Let us suppose therefore that we have a bead 
P sliding along C from 1 to 2 with an initial speed v, at 1. If we 
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denote by s the distance traversed in t seconds and by v the speed 





—p x 





Fig. 2:2 
ds/dt, we have the well known relations 


d ' d 
m >; = mgsin® = mg > or wvdv = gdy. 


Here m is the mass of the bead and g is the gravitational acceleration. 
Consequently, by integration, we have 


v? = Qgy + b. 


Since y = y,, v =v, at t = 0 


2 

1 
y* = 2gly-Yo), =y,-—. 

2g 
Let us select the x-axis so that y, = 0. Then the time T elapsed in 
traversing C from 1 to 2 is given by the integral 


; [s Ly (heey. 
= —_— = — x. 
y Telly J 


0 1 


The path of least time is accordingly obtained by minimizing the 


integral 
z 


2 
(2:3) 1(c) =| y4 (L+y'2)* dx, 


*y 


in the class of arcs joining 1 and 2. 


The form of the integrals (2:1), (2:2) and (2:3) suggest that they 
can be studied simultaneously by studying the integral 


*2 
(2:4) 1(C) =| yP(l+y!?)* ds (y >0) 
*\ 


or even more generally by studying the integral 
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* 
2 
(2:5) I(c) = | f(x,y,y') dx 


*| 


where f(x,y,y') is given. Concerning the general integral (2:5) we 
have the following result due to Euler: 


I. The first necessary condition for a minimum. Let C be an 
arc which minimizes the integral (2:5) in the class of arcs joining 
two given points 1 and 2. If C possesses continuous first and second 
derivatives with respect to x, then it must satisfy the Euler equations 


d ‘i 
(2:6) dx Tat . f 
and in fact the equation 


Y 


d 
(2:7) Fe (f-y' fy) = fy» 


which is equivalent to (2:6) whenever y' #0. A solution of equation 
(2:6) is called an extremal. 


The proof of this result will be given in the next section. In- 
cidentally we have used the abbreviations 


mS 


f= 5 f 


y 
Let us apply this result to the integral (2:4) in which 


f= y(l+y'*)4, 
Here 
FB =r y"?"(1 +y!?)4, fy! ad y'(1+ y"2) 4, 


f, = 0, fay fy = (sy), 
The equations (2:6) and (2:7) are respectively equivalent to the 


equations 
(2:8) 


(2:9) y"(L+y!2) = pr 


where b is a constant. We restrict ourselves to the case when y>0. 
Then equation (2:8) tells us that along the minimizing arc y’ has the 
same sign as r. Thus the arc is concave upward when r>0 and concave 
downward when r<0. The extremals are straight lines when r=0. 

In order to integrate (2:8) we use its integral (2:9) giving us 
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1 
y = b(1+y‘*)?". 
Letting y’ = tan @ we obtain 


1 1 
y = b(sec 9)", dy = — (sec 8)" tanO dé. 


Consequently L 
- 


= — (sec 0)" dé, 


An integration yields the following: 


If the integral to be minimized is of the form (2:4) with r#0, 
the extremals (solutions of the Euler equations) are given parametrical- 
ly by the equations 

b(° ‘ 
(2:10) z2=6+ bf (sec t)" dt, y = b(sec 9)", 
0 


where 6 is the angle of inclination, An alternate form of these 
equations is 


b $ jer bi 
(2:11) x=a+ > | (cosh u) " du, y = b(cosh?)’. 


0 
The equations (2:1) are obtained by making the substitution 
y' = sinh? in place of y’ = tan ¢. 
The character of the extremal family (2:10) depends in an essential 
way on the sign of r. 


If r<0, the extremals (2:10) are concave downward, the line x=a 


being a line of symmetry. Through every pair of points 1 and 2 in the 
upper half plane there passes one and but one extremal (2:10). This 
extremal minimizes the integral (2:4) in the class of arcs C joining 1 
and 2 and lying in the upper half plane. If r=-1l, the extremal (2:10) 


is a circular arc 
(2:12) x=a-b6sin@, y= 6 cos 0 


of radius b with (a,0) as its center. If r=-% the extremal (2:10) is 
an arc of the cycloid 


(2:13) x= a- 2 (20+ sin 26), y= 2 (1 + cos 26) 


generated by a point P on a circle of diameter b rolling on the x-axis. 
This cycloid is accordingly a path of least time. 


The equations (2:12) and (2:13) are obtained from (2:10) by setting 
r=-1l, r=-4% respectively and integrating. It is clear that through 
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every pair of points in the upper half plane there is but one circular 
arc having its center on the x-axis. Consequently, in the case r=-1 
there is a unique extremal joining a pair of points in the upper half 
plane. This result remains true whenever r<0 but it is more difficult 
to prove and we shall not do so here. If we accept the fact that 
minimizing arcs exist when r<0, then the extremals must be minimizing 
since they are the only ones that satisfy the first necessary condition. 

The situation is quite different when r>0. A complete statement 
of the result can be made as follows. 


If r>0, the extremals (2:10) are concave upward and the line 
x=@ is a line of symmetry. Given a pair of points 1 and 2 in the upper 
half plane there may exist two, one or no extremals joining them. If two 
extremals exist, then one is minimizing and the other is not. If but one 
extremal exists, it fails to be minimizing. If no extremal joins 1 
and 2, there is no minimizing arc above the x-axis. If r= the 
extremals (2:10) are parabolas 


(2:14) y= bl +#[2=2) 1. 


If r=1, the extremals (2:11) are catenaries 


(2:15) y = 6 cosh (==*] 


b 


and are the extremals for the problem of finding the arc generating a 
surface of revolution of minimum area, 


The general situation is like that of the particular case r=. 
Consequently we shall restrict ourselves to this case. The parabolas 
(2:14) are obtained from (2:10) with r=4 by integration. They have the 
x-axis as the directrix. If we select 


2 ° 
b= cos'a, a= -2 sina cosa 


equation (2:14) takes the simple form 


2 
2 sec @ 


(2:16) y= lt+x tanatx r 


This represents the totality of extremals through the point (1,0). This 
family has the parabola 
2 
» 2 
ore 


as an envelope as shown in figure 2:3. To verify this we differentiate 
with respect to a and obtain 
2 
0 = % seca +7 sec’a tana or tana =- 
2 
Using this result in (2:16) we see that the envelope is given by y = = 
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If the point 2 is located to the right of the envelope there is no 
extremal joining 1 and 2. If it is on the envelope there is but one 
extremal joining 1 to 2. If it is to the left of the envelope there are 
two extremals joining 1 and 2 as indicated in Fig. 2:3. The segment 
that fails to have a point of contact with the envelope is minimizing 
and the other is not. We are not in position here to establish the 
minimizing properties of these extremals. 
In this section we have brought out the following facts. 


1. In order that an arc be a minimizing arc or a maximizing arc it 
must satisfy the Euler equations (unless it is on the boundary of the 
domain of validity of our problem). 

2. A solution of the Euler equation need not be a minimizing or a 
maximizing arc. 

3. Problems exist for which there is no solution in the sense that 
there is no extremal satisfying the conditions of the problem. 

4. Further criteria must be obtained for distinguishing maximizing 
and minimizing arcs. 


3. Derivation of the Euler equations. Some of the techniques used 
in the calculus of variations are illustrated by the following deriva- 
tion of Euler’s equation. To this end let 


C: y(x) 


be an arc that minimizes the integral 


I= f "Sle. y,9° bee 
*y 


in the class of arcs joining its end points. If 7(x) vanishes at x, 
and x,, the arc 


y(x) + b n(x) 


has the same end points as C for all values of 6 and contains C for 
b=0. The value of the integral I along this arc is 
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I(b) = (7 Flay + bn, y' + bn’ dz. 
xy 


Since I(0) is the value of I along C we have I(b) 2 I(0), by virtue .of 


the minimizing property of C. Consequently, from calculus we know that 
the derivative of I(b) at 6 = 0 is zero, that is, 


*2 
(3:1) 1'(0) = { {(f,n+f,+n'}dx = 0. 
~" 


The expression e 


2 
I,() -{ {f,nt+f,+n' dx 
" 


with fyofy' evaluated along C is called the first variation of I 
along C. By virtue of the relation 


d 7 . d_ 
ae ‘fy! n) ot + 9 any! 


2, 2 
I(n) =| Wf, - Lf, dde+ fron 
ws 


Since 7(x,) = 7(x,) = 0, it follows from (3:1) that 
I,(n) = f nf, - EF, dz = 0 
ad 


for all functions 7(x) with continuous derivatives that vanish at x, 
and x,. This is possible only in case 


d 
fy= Gel,’ » 


as was to be proved. The equation (2:7) follows from the identity 
d — spa fe 
= (7 Y fy) -f,+y (fy, = f,) = 0. 


The function 7(x) used in this derivation is called a variation and 
is frequently denoted by 5y. If we denote by 5I the first variation of 
I, then the formla for the first variation suggests the formalise 


sI =5/ *f dx = | By, dx = | “Cf, By + fy 8y'}dx 
s4 1 


which remains valid here as long as 5y is restricted to vanish at x, and 
x, This formalism is very useful but care mst be exercised to use it 
properly. For example the form of 5I and the properties of Sy are 
altered if the problem is changed. 
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Incidentally, since I(b) 2 I(0) we not only have I‘(0) = 0 but also 
I"(0) 2 0, where I"(b) is the second derivative of I(b). Computing I*(0) 
and calling the result I,(7) we obtain 


*2 
(3:2) Inn) ={ (fn? + 26. nn! + fren’ *hde 2 0, 
“"s 


where the derivatives of f are evaluated along C. This integral is 
called the second variation of I along C. We have accordingly the 
following further necessary condition. 


If C is a minimizing arc the inequality (3:2) must hold along C for 
every variation 7(x) having 7(x,) = M(x.) = 0. If C is a maximizing arc, 
the inequality in (3:2) must be reversed. 


4. Generalizations to n-dimensions. The results discribed in the 
preceding sections can be generalized at once to the problem of 
minimizing an integral 

*2 
I(C) = | f(x,y,, = 2InoI; 2 _— Y, dx 
7% 
in a class of arcs 


y,() (x,$ 


lying in (n+1)-dimensional space of points (x,y,, +++ ,y,). By varying 
each component y,(x) separately it is seen that the Euler equations 
corresponding to (2:6) take the form 


: d = = eee 
(4:1) dey! fy, ts. 2. yn). 


Every solution of these equations also satisfies the equation 
; ott. =! * 


in which the repeated index denotes summation with respect to that 
index. This follows from the identity 
d : ee ee 

ae = Me hiro te ty (i y; I, ,) 0 
which can be verified by carrying out the indicated differentiations. 
As before, a maximizing or a minimizing arc must satisfy Euler's 
equations (4:1) and (4:2). 

In three-dimensional space with coordinates (x,y,z) the integral 


I(C) is of the form 


*2 
I(c) = f flx,y,2,y',2')dx 
*} 
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and the Euler equations (4:1) and (4:2) become 


d a 

ae fy! =f, fi! ” f, 
(4:3) d 

a (f - y'fy: =- z'fis) =f. 


One of the important applications of the results described above lies 
in the field of mechanics. Let U(x,y,z) be a potential function associat- 
ed with a conservative field of force. Then the equations 


(4:4) max" = -U,, ay’=-U,, mz’ = -U_, 


where primes denote time derivatives, are the differential equation of 
motion for a particle of mass m moving in this field. We have the 
following important principle: 


Hamilton’s principle. The differential equations (4:4) are the 
Euler equations of the integral 


I = {(T-U)dt 


where T is the kinetic energy 


of the moving particle described above. 


The function L = T-U is called the Lagrangian. An easy computation 
will show that the equations 
d a d_ . d_ “ 
de vs! = 45> de “x? 7%, at fs" L, 
are identical with the equations (4:4). Moreover since L is independent 
of t, the analogue of equation (4:2) becomes 


< (L-2'L,, sy Lye 2b) = 0. 


Hence 
L-x'L,, ~y' Lye -z'L,.=-(T+U) = constant 


along the trajectory of the particle. Thus, we have established anew 
the significant result that along the trajectory of a particle moving 
in a conservative field of force the sum of the kinetic and potential 
energy is a constant. 

One of the advantages of Hamilton’s Principle is that it is inde- 
pendent of the coordinate system used. As an illustration consider 
a particle acted upon by a central force inversely proportional to the 
square of the distance from the center. Assuming planar motion and using 
polar coordinates with the pole at the center of force we have 
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T= f(r? 4 7262), U 
- 
Letting L = T-U the Euler equations become 


= L 


r 


Le 
and 
T + U= h = constant. 


Since L is independent of 6, the second equation yields 


L; = ar*@ = constant or r2°6=b, 


Inasmuch as r = er Q we see that 


dg 


~m|(dr|?, .2|g2_8 
T = 5 (25) +r | o* = 5 
U 


Assuming that 6 # 0 the relation T+ 


0? {3]° ; ] 


=h yields 


which when integrated has a solution of the form 


r= k 
l -~e cos (6-y) 





where k, e and Y are constants. The path is accordingly a conic. 


5. Parametric problems. In Section 2 we considered only arcs 
for which the y coordinate can be expressed as a single real valued 
function y(x) of the x-coordinate x. These are commonly called non- 
parametric arcs. In most of the examples however we expressed the 
minimizing arc in parametric form. Let us now admit as comparison arcs 
those which coordinates x and y are expressible in terms of a parameter 
t. Thus the system 


C x(t), y(t) 


defines a parametric arc provided x(t) and y(t) are continuous and have 
piecewise continuous derivatives x’ and y’ with x'* + y'? # 0. The 
integral to be minimized is of the form 
*2 ‘ ‘ 
1(c) = { “f(x,y,x',y' dt, 
t 
1 
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where f has the property that 
f(x,y,kx',ky') =k f(x,y,x',y') (all k>O). 


This condition implies that I(C) is independent of the parametric 
representation. For the Brachistochrone problem described in Section 2 
we have 


t 
I(C) = | tyne (x’? 4 y'*)Aat ‘ 
ty 


The corresponding n-dimensional problem is the following one: 
To find in the class of parametric arcs 


C y,(t) (t,St$t,; i 1,--> 


joining two fixed points 1 and 2, to find one which minimizes an integral 


te te 
I(C) ‘“ J, fly,y' )dt * J, fly,, i Meo Nhe wie y ry, dt, 


where 
(5:1) fly,ky') =k fly,y’) (all k>O). 
The Euler equations take the form 


° da = i= eee 
(5:2) _ fy Sy, (i = 1, 


Every minimizing arc must satisfy the Euler equations. 


Parametric problems are particularly useful in the study of geodesics 
on surfaces and of the principle of least action in mechanics. However 
we shall not pause to discuss them here but will content ourselves with 
the application to be made in the next section. 


6. Isoperimetric problems. One of the oldest problems in the 
calculus of variations is that of finding the shape of a simple closed 
curve of given length which encloses the largest area. Analytically 
this problem is that of maximizing the area integral 


to 
1(c) = 4 | law’ = val dée 
ty 


in the class of simply closed curves 


C: x(t), y(t) 
having a constant length 
t2 
J(C) = | x'* + y'* dt = constant. 
ty 
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We shall proceed in a formal way to show that the solution is a circle. 
Let C be the solution, which we assume exists. Since J is constant we 
shall be interested only in variations §x, Sy for which the first varia- 
tion J of J along C is zero. Since I has a maximum value on C, it 
follows that the first variation 5I of I along C vanishes whenever 5J= 0. 
Because of linearity, this is possible only in case 5I is a multiple 
of 5J, that is, 
SI =A8J or S8(I-AJ) = 0. 
Letting 
F=4 (xy' - yx’) ~ d(x‘? + y'2)4 
we see that the integral 
t 
2 
I-\s=| Fat 
Ss 


has the property that its first variation 5(I-AJ) vanishes along C. 
It follows that C must satisfy the Euler equations 

d - d = 

> tke RE tan’ elite’ de 


Consequently 








oe oie )-% a {2 . Ay’ | --= 
(x'? +y!2)A <n - dt \2 (x!2 + y'2)A r 9° 


If arc length is chosen as the parameter, then 
2 «9°? = 1] 
and equations (6:1) take the simple form 
-Az" wy’, Ay" = 2’. 


Multiplying the first of these by y'/A and the second by x’ /A we obtain 
by addition the relation 


x'y" -x"y' === constant. 


1 
nN 


The solution to our problem therefore mst have constant curvature 1/A 
and hence must be a circle of radius A, as was to be proved. 

The problem just described is a special case of a large class of 
problems, commonly called isoperimetric problems, These problems consist 
of maximizing or minimizing an integral J in a class of arcs along 
which certain integrals Jy cea, take on fixed values. These problems 
may be in parametric or in non parametric form. 

Perhaps the simplest isoperimetric problem is. that of minimizing 
an integral 
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at 
1(C) = | fls.y.y') ds 


in the class of non parametric arcs 


Cc: y(x) (x, $x$x,) 


which join two fixed points 1 and 2 in the xy-plane which satisfies a 
single isoperimetric condition 


1 
2 
J(C) = | g(x,y,y') dx =constant. 


Except in singular cases a minimizing arc must satisfy the corresponding 
Euler equations 


(6:2) 


where 
F(x,y,y') = f(x,y,y') - Aglx,y,y") 


and A is a suitably chosen constant. It should be observed that if one 
sought to minimize or maximize J(C) holding I(C) constant, then 
equations (6:2) would hold with F = g-uf. The resulting equation can 
be obtained by dividing (6:2), as it stands, by A and setting u = I/A. 
This suggests the following. 


Principle of Reciprocity. If C minimizes I(C) subject to the con- 
dition J(C) = constant, then normally C maximizes or minimizes J(C) 
subject to the condition I(C) = constant, according as the multiplier 
X appearing in (6:2) is positive or negative. 

It is not difficult to construct examples in which the principle 
of reciprocity fails to hold. 

The equations (6:2) are the Euler equations of 

"2 

I-AJ = | F dx. 

a 
From this fact one should not conclude that C minimizes I -AJ, This 
can perhaps best be illustrated by the following example. It is a known 
fact that a hanging chain assumes a position so that its center of 
gravity is as low as possible. Thus, a perfectly flexible chain of con- 
stant density and of prescribed length can be used to define the 
solutia (with the y-axis as the vertical axis) of the following minimm 
problem: To find among all arcs C in the xy-plane joining two fixed 
points 1 and 2 and having a given length 


J(C) = j “(1 +y'? dx = ¥ 


dk | 
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one which minimizes the integral 


*2 
I(C) - | y(l+y'?)4dz. 
*y 


Y 








Fig. 6.1 


As remarked above the solution C to this problem mst satisfy the 
Euler equations of the integral 


Se 
r-r—=] (y-+y! Ads 


*y 


where A is a suitably chosen constant. The arc C is a catenary with the 
line y = A as its directrix. As was remarked in Section 2 for the case 
A = 0, there may be two catenaries joining 1 and 2 having y = A as its 
directrix. The longer one fails to minimize I-AJ but does minimize 
I inthe class of arcs joining its end points and having the same length. 


7. Variable end point problems. Hitherto we have been concerned 
mainly with the problem of minimizing an integral 


. Zo 
(Cc) - | f(x,y,y')dx 


in a class of arcs 
C: y(x) (x, $x£x,) 


joining two fixed points 1 and 2. If now we permit the point 2 to be 
an arbitrary point on a prescribed curve 


‘D: x=X(u), y= Yu) 


as indicated in the figure, (next page), one encounters two new con- 
cepts, namely, transversality and focal points. In order to describe 
these concepts let us first recall certain facts concerning the problem 
of finding the shortest line joining a fixed point 1 to a point 2 on D. 
If C is such a line segment then it mst have two properties: 
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Fig. 7:1 


(1) The line C is perpendicular to D at the point 2. 


(2) The center of curvature of D at the point 2 cannot lie on C 
between 1 and 2. 


One can convince himself of these facts by drawing diagrams. 

In the calculus of variations the analogues of perpendicularity 
and centers of curvature are transversality and focal points. The 
condition of transversality can be stated as follows. 


If an arc C minimizes I(C) in the class of arcs joining the point 1 
to a point on a curve D, then at the point 2 of C on D, the condition 


(7:1) (f-y' FOX +h ¥, =0 


must hold, where 1, y' and X,, Y, denote the vectors tangent to C and D 
respectively, as indicated in Figure 7:1. 


If f= [l+y’?, then this condition is equivalent to 
x+y’, = 0. 


Consequently transversality becomes orthogonality in this case. 
In order to establish (7:1) let 


y(x,u) x, $x ¢X(u) 


be a one parameter family of arcs joining the point 1 to the point 
(X(u), Y(u)) on D and containing C for u = uo. Along this family the 
integral I has the value 
X(u) 
I(u) = | f(x, y(x,u), y,(x,u)) dx. 
* 


Since C is minimizing we have 


I(u) 2 I(ug) = value of I along C. 


Conxequently I'(u,) = 0, that is 
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‘ *2 *2 
I (uy) = fX, + | {f, Yu +f Yeu) o =0@, 
z 
1 
the arguments in f being those belonging ‘. C. Since C minimizes I(C) 
in the class of arcs joining its end points we have 


d = 
qe fy’ = fy 


along C. Using this fact we obtain 
| *2 | *2 
read AN hye 
*\ 
y(x,,u) = yy, y(X(u), u) = Y(u). 


Differentiating with respect to u we see that ~ 


Ye = Oatxz=x,, y,% + ¥, = Ye at s = x, = X(uQ). 


Consequently the above expression for I’ (u,) becomes 


I’ (uy) = L(f = y’ fy) xX, + fy y }F=22 _ 0, 


u2 


as was to he proved. 

It remains to describe the generalization of the center of curvature. 
Recall that the locus of the centers of curvatures is the envelope of 
the normals of D, Thus, on a line C perpendicular to D the center of 
curvature is the point of contact of C with this envelope. This fact 
suggests that we replace the normals to D by the family of extremals 
transversal to D. This family will in general have an envelope FE, as 
indicated in Figure 7:2. Consider an extremal C of this family. 


Fig. 7:2 


The point 3 of contact of C with E is called a focal point of D. If 
the segment C,, of C is to be a solution to the problem here considered, 
the focal point 3 cannot lie between 1 and 2. The proof of this fact can 


be made by an extension of the argument made for the corresponding 
result for shortest distance problems. 
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8. Minima of functions of integrals. In the preceding pages we 
have been concerned with minima of single integral. The results obtained 
are readily extended to functions of integrals. To illustrate the method 
consider two integrals 


Se Se 
I(C) - | f(x,y,y') dx, J(C) = { g(x,y,y') dx. 
ad * 


We seek to minimize the ratio 


I(C) 


J(C) 
in the class of arcs 

y (x) (x, $x$ x,) 
joining two fixed points 1 and 2 in the xy-plane. Let C, be the minimiz- 
ing arc. Then the first variation 


,1_J8I-18J 








J J? 
must vanish for all variations Sy vanishing at x, and x,. Setting 
8:1 = 
— A = Fic) 
we see that 
"2 


SI - Ass = 3 { (f -Ag) dx = 0 


x 


along C, for all such variations dy. Consequently C, must satisfy the 
Euler equations 


d oe 

dx (fe - Ag+) = fy - rg, 
This can be written in the form 

d _ sed 

dz fyt ~ fy = Map By - By) - 


In order to illustrate this result consider the problem of minimizing 
the ratio 


in the class of arcs y(x) (OS x¢1) having 


(8:3) y(0) = 0, y(l)=0. 
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2 


Here f = y'* and g = y*. Consequently equation (8:2) takes the form 
y’' tAy=0. 
The solutions of this equation satisfying (8:3) are of the form 
y = sinvA x 
where \ has one of the values 7%, 47*, 97", --- , n*7*, --- . Moreover 


1 
| n*n? cos? nmx dx 
“Oo =a 





1 
| sin* nx dx 
0 


as required by (8:1). This ratio has a miniowm when n = 1. 
It is clear that it is easy to set up problems which have no 
solution. For example the ratio 


x2 
y Jlt+y'? dx 
*y 


*2 
| Ji+y!? dx 


¥ 








represents the y-coordinate of the centroid of an arc C joining a point 
(x,,¥,) to a point (x,,y,). Obviously this quantity has no minimum 
value in the class of all arcs joining these points. If one writes down 
the Euler equations corresponding to (8:2) the solution takes the form 


x-a 


y =A +6 cosh ; 





The line y =A is the directrix of this catenary and hence cannot be the 
y-coordinate of the centroid, as was required. The equations (8:1) and 
(8:2) for this problem accordingly have no solution. 


University of California, Los Angeles, and 
National Bureau of Standards. 
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First Year College Mathematics with Applications. By Paul H. Daus 
and William M. Whyburn. The Macmillan Company, New York, 1949, xiii 
+ 495 pages. 


This book is planned particularly for engineering and technical 
schools. Calculus and determinants are omitted. The chapter headings 
are as follows: Introduction; Linear Functions; Quadratic Function of 
One Variable; the Parabola; the Central Conics in Typical Forms; Further 
Study of Conics; Algebraic Functions; Exponential and Logarithmic 
Functions; Algebra of Trigonometric Functions; Analytic Geometry of 
Trigonometric Functions. There are tables of assorted kinds, a list of 
answers to problems, and a five-page index. The authors have included a 
ninety-day outline and a seventy-five-day outline, planned respectively 
for a class meeting three hours a week through two semesters and for a 
class meeting five hours a week through one semester. Oral and written 
problems appear. We find both elementary material (for review) “ indicated 
by a dagger” and starred paragraphs and examples to be omitted if 
desired. 

Proof-reading has been very carefully done. The reviewer sees 
exceptionally few errors. On page 25 in $4.12 we come upon the somewhat 
unusual word ‘‘equilibfrium” (lines 7,8); while at the end of the fifth 
line of this section “e+” should be replaced by “of”. On page 367 in 
the first line of $52.1 for “protection” read ‘‘projection”. On page 
393 in $54.31 at the end of the page read “‘cos” for ‘‘w”. 

It would appear better to write “ungraduated ruler” instead of 
“ruler” on page 365 (line 11). The name “rectangular hyperbola” might 
be given as well as “equilateral hyperbola’. On page 267 in line 2 of 
the last paragraph of $41.1 “zero of g(x)” seems preferable to ‘root 
of g(x)”. And of course, since the reviewer is an unreconstructed pure 
mathematician, teaching in a liberal arts college, she weeps for the 
Calculus in connection with graphs of polynomials, etc. 

The authors are clear and accurate on one-to-one correspondence, on 
curve tracing of all sorts (in spite of the absence of the derivative), 
on systems of straight lines and of conics, in the introduction of 
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“sin”'x’’, in the discussion of parametric equations and the reasons 


for them, in the use of hyperbolic functions, in the introduction of 
occasional bits of history (i.e. the “three famous problems of an- 
tiquity”), and so on. Examples are good and plentiful, especially those 
involving Physics. The reviewer is cheered to find that most of analytic 
geometry as usually taught in a college of liberal arts is satisfactory 
for engineering and technical schools. Many types of problems are the 
same. At least, many of our favorite examples, including geometric 
theorems to be proved analytically, are found in this book. On page 
355 appears the 12-ft. ladder resting ‘“‘against a vertical wall and on 
the ground in such a way that it just clears a 3-ft. fence — placed 
4 ft. from the wall”, which has been previously brought to the reviewer 
by interested friends, including a college student and a milkman. 

A few sentences are so good that they mst be quoted. “It is 
more important to understand the complete analysis of any of these 
problems than to carry out all numerical calculations for some of them” 
(p. 151). “But the method is of more importance than the form la’’ 
(p. 170). “Any attempt at point-plotting requires the solutions of 
cubic equations with irrational roots, and this is discouraging, to 
say the least” (p. 278). “For purposes of prediction the use of an 
assumed law, without some evidence other than statistical data, is 
fraught with dangers and has many times led investigators to erroneous 


conclusions’’ (p. 314). Why not write that last sentence in letters of 
gold upon the walls where all would-be statisticians may read them! 


Wellesley College. Marion E. Stark 





Analytic Geometry. By W. A. Wilson and J. I. Tracey, Third 
Edition, D. C. Heath and Company, 1949. 


The new edition like its predecessors covers the conventional topics 
of plane analytic geometry and provides a brief treatment of solid 
analytic geometry. The book contains a discussion of empirical equations 
and includes the method of moments as well as the method of averages in 
curve fitting. Polar coordinates are introduced in a separate chapter 
after considerable work has already been done with curves and equations 
in Cartesian coordinates. Spherical and cylindrical coordinates are 
introduced in the chapter on solid geometry. 

The arrangement of the material seems very satisfactory. The reviewer 
would like to see a chapter on an introduction to the calculus preceding 
the chapters on higher plane curves and on tangents and normals. Such 
a chapter would add to the student’s understanding of the higher plane 
curves and would make possible the elimination of some very specialized 
procedures in the study of tangents and normals. 

The problem material is ample and varied. Problems of the numerical 
and drill type are numerous; problems of historical interest, and 
problems for the abler students are included. Much of the problem 
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material has not appeared in the earlier editions. Answers to most of 
the odd-numbered problems are given at the end of the book, while 
answers to the even-numbered problems are omitted. The student thus 
has both the convenience of a check on his work and the opportunity 
to learn to rely upon himself. 

The book has the same clear, teachable presentation of the earlier 
editions, and a new and pleasing format. 


Wellesley College. Helen G. Russel! 





College Algebra. By J. B. Rosenbach and E. A. Whitman, Third 
Edition, Ginn and Company, Boston, 1949. 508 pp. $3.00. 


The College Algebra is designed to meet the needs of students whose 
preparation varies from two to four semesters of high-school algebra 
and of students whose preparation is several years in the past. To this 
end the early chapters contain a thorough review of elementary algebra. 
Both the earlier and the later chapters are arranged to permit con- 
siderable flexibility in the content of a college course. Such topics 
as complex numbers, theory of equations, permutations, combinations 
and probability, determinants, partial fractions, and infinite series 
are treated quite fully, but may be omitted without affecting the 
continuity of a course. 

The book contains abundant problem material. There are many simple 
drill exercises following each principle discussed in the text, and 
there are also problems whose solution requires resourcefulness and real 
comprehension of fundamental principles. Answers are provided for odd- 
numbered problems, and are available in a separate pamphlet for all 
problems. 

The presentation is clear, the illustrative examples well chosen. 
Occasionally the reviewer takes exception to the teaching methods 
employed, as, for instance, to the use of division rather than mlti- 
plication in the treatment of complex fractions, and to the special 
device for expanding a determinant of the third order. The “warnings”’ 
sometimes serve a useful purpose, but might often be omitted to allow 
the student to learn by experience rather than by advice. The historical 
and supplementary notes add material which enriches the teaching and 
may lead the student to further investigation of a particular topic. 

The book has been written with the first-year college student in 
mind, and is of such size that he can easily carry it from class to 
class. Its more than 500 pages comprise a useful reference work for 
anyone whose knowledge of algebra needs refreshing. 


Wellesley College. Helen G. Russell 





PROBLEMS AND QUESTIONS 
Edited by 
C. W. Trigg, Los Angeles City College 


Readers of this department are invited to submit for solution problems 
believed to be new and subject-matter questions that may arise in study, in 
research, or in extra-academic situations. Proposals should be accompanied by 
solutions, when available, and by such information as will assist the editor. 
Ordinarily, problems in well-known text-books should not be submitted. 

In order to facilitate their consideration, solutions should be submitted 
on separate, signed sheets within three months after publication of the problems. 

All manuscripts should be typewritten on 8%" by 11 paper, double-spaced and 
with margins at least one inch wide. Figures should be drawn in india ink and 
in exact size for reproduction. 

Send all communications for this department to C. W. Trigg, Los Ange‘es 
City College, 855 N. Vermont Ave., Los Angeles 29, Calif. 


PROPOSALS 


63. Proposed by Victor Thébault, Tennie, Sarthe, France. 


In the system of numeration having base 11, find a six-digit square 
of the form abcabc. 


64. Proposed by D, L. MacKay, Manchester Depot, Vt. 
Construct a trapezoid ABCD given its diagonals and its non-paralle! 
sides. 


65. Proposed by Howard Eves, Oregon State College. 

A thin disk of given radius is spinning on a fixed horizontal axis, 
and while spinning dips into a vat of liquid. Locate the position of 
the axis with respect to the surface of the liquid so that the spinning 
disk exhibits a maximum evaporation surface. 


66. Proposed by E. P. Starke, Rutgers University. 

Given four concylic points A, B, O, P such that AO = BO. Show that 
the ellipse through P having foci at A and B, and the circle through P 
having center at O are orthogonal or tangent according as O, P are on 
the same side of AB or on opposite sides. 


67. Proposed by N. A. Court, University of Oklahoma. 

Given two spheres (A), (B). Let p he the perpendicular dropped 
from B upon a plane (Q) passing through A. If the traces of p and (Q) 
upon the plane of the common circle (S), real or imaginary, of the 
two spheres are pole and polar with respect to (S), the two spheres 
are orthogonal. 


68. Proposed by P. A. Piza, San Juan, Puerto Rico. 

Show that it is possible to construct by ruler and compasses a 
Fermagoric triangle of order 3, i.e. atriangle ABC such that AB? = AC? + BC?, 
In particular, let the line RH be divided into three segments such 
that RG=s?(r?2+rs+4s?), GF= (r*s*)(r?+ rs+4s*), FH=(r+s)(4s°tr°), 
where r, Ss are positive integers with s<r<s ¥4. Further, let RH be 
the diameter of a circle and let AB and CD be chords perpendicular to RH 
and passing through G and F respectively. Verify that this triangle ABC 


satisfies the above relation. 
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69. Proposed by J. S. Miller, Dillard University. 

An automobile door stands open at right angles. The hinges are at 
the front of the door. If the automobile is given an acceleration 
a find the time in which the door closes. 


Notice to Solvers. 


“The really interesting thing about the solution of a problem is: 
How did the solver find his solution or construct his proof? The 
problems are seldom important in themselves, nor are the solutions any 
more important. The interest is in finding the solution — the heuristic 
aspect.’’ This quotation is from a letter received from Kenneth May 
who offers below a heuristic treatment of problem 42. Readers are 
invited to follow his lead and to offer heuristic discussions in 
addition to formal solutions. 


SOLUTIONS 


Late Solutions 
37, 38. Leo Moser, University of North Carolina. 


The Four Basic Points of a Pencil of Conics. 


2. (Sept. 1947] Proposed by E. P. Starke, Rutgers University. 

What restrictions must be placed on the four basic points of a 
pencil of conics, if al] the conics of the pencil are to have (a) a 
common center, (b) a common axis of symmetry? 


Solution by the Proposer. We assume the four points to be distinct 
with no three collinear. Then the pencil of conics determined by them 
contains three degenerate conics consisting of pairs of lines through 
the four points. If the lines are intersecting, the degenerate conic 
has its center at the intersection. By the geometry of the figure no two 
degenerate conics of this type can have a common center. Therefore case 
(a) requires that two of the degenerate conics be pairs of parallel 
lines and hence that the four points be vertices of a parallelogram. 

If each of the degenerate conics is a pair of intersecting lines 
we have already three non-collinear centers, which renders impossible 
a common axis of symmetry. Thus for case (b) at least one degenerate 
conic must be a pair of parallel lines so that the four points are 
vertices of a trapezoid. But an axis of symmetry of a pair of parallel 
lines is either the line midway between them or an arbitrary line 
perpendicular to them. Therefore, to satisfy (b), the line joining the 
intersection of the other two pairs of lines through the vertices of 
the trapezoid mst be perpendicular to the parallel sides, and hence 
the four points form an isosceles trapezoid (with a rectangle as a 
special case.) 

Conversely, if coordinate axes and constants a, 6, c are so chosen 
that (a+b,c), (a-b,c), (-at+b,c), (-a-b,-c) are the vertices of an 
arbitrary parallelogram then the pencil of conics is given by 
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m((by -cx)* ~a*c*] + nly? -c?) = 0, 


with m and n arbitrary. Clearly there is a common center, (0,0), 
satisfying (a). 

If the points are the vertices of the isosceles trapezoid (+a,0), 
(+b,c), then the pencil becomes 


m( (ay - by -ac)* - c*x*] + ny(y-—c) = 0. 


Here every conic is symmetric to the y-axis, satisfying (b). 
Also solved by Howard Eves, Oregon State College. 


A Right Smart Census Taker. 


42. (Nov. 1949] Proposed by V. C. Throckmorton, Los Angeles City 
College. 

Encountering a man on the porch of his home, a census taker asked, 
“What are the ages of the persons living here?” The man replied, “My 
age is the sum of the ages of my wife, son and daughter. Each of our 
ages is a square number. My father’s age is the sum of my age and the 
ages of my wife and daughter. Although he has passed the prime of life, 
his age is a prime number.” What ages did the unstartled census taker 
record, and what obvious remark did he make about the wife's age? 


I. Solution by Monte Dernham, San Francisco. Here is how that census 


taker figured. If the daughter, son, wife, man and pater are respectively 
d*, s*, w*, m* and p years of age, then 


MP Sars an 
again, 

d* + w* + a’ = 
whence 

2(d* + w?) + s? 
Since p, a prime >2, is odd, s* is odd. Now, if s* > 25, then w* > 36, 
m? > 64 and p > 101, a highly unrealistic situation, which becomes 
increasingly impossible as the ante is raised. Therefore s* = 1 or 
9, and 

es +d =ea*-1 or a - 9. 

Thereupon the census taker jotted down the following possibilities, 
none other being within admissible bounds: 


n* 64 49 36 25 16 


an -1 63 48 35 24 15 
m= -9 55 40 27 16 
By some curious stroke of good luck, it happened that the census 


taker had just been reading Chapter 8 of Oystein Ore’s Number Theory 
and its History, and thus could see at a glance that one, and only one, 
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of the nine numbers in the second and third rows could be written as 
the sum of two squares, viz., 40. Unhesitatingly he recorded the five 
ages, remarking at the same time that the daughter's age followed by 
the son’s age would denote the man’s age, but if a dot were to be placed 
between the two digits, like this: 4°9, why then ‘twould be the wife's 
age — obviously, a perfect 36! So the pater was 89. 


II. Heuristic Discussion by Kenneth May, Carleton College, North- 
field, Minnesota. The problem is trivial in the sense that the solution 
emerges from a few trials with the list of small perfect squares. 
However, the writer was interested in seeing how people would actually 
go about finding the solution and so submitted the problem to his 
freshman mathematics class. Students found it more difficult to explain 
their procedures than to find the answer, but the following three 
methods could be singled out: (1) Starting with 25, consider successive 
squares as possible ages of the father and see whether any one is the 
sum of three preceding ones. The first one with this property yields a 
prime grandfather’s age and hence a solution. (Clyde Roberson). (2) Start 
with pairs of small squares and see if any have a sum equal to the 
difference of two following perfect squares. (Marlene Erickson, Harold 
Klepfer). (3) The conditions of the problem, including the fact that 
the census-taker was “unstartled” make it “fairly safe” to guess that 
the parents are at least 25 and not more than 49. Since they mst be 
unequal, we consider the possibilities 49,36; 36,25; 49,25. The first 
one yields the solution. (Stephan West). No student suggested the 
following line of reasoning: (4) Since the census taker made an 
“‘obvious remark” about the mother’s age, it must have some simple 
numerical property not already mentioned. Since it is already known to 
be a perfect square related by sums to the other ages, could this 
additional property involve some simple relation in terms of products? 
Possibly her age is the product of her childrens’ ages. This suggests 36 
which is the smallest perfect square equal to the product of two perfect 
squares. 

It is interesting to observe how these methods make increasing use 
of the given information in order to reduce the number of trials. 
Method (4) amounts to guessing the solution and then testing it. Such 
techniques are intriguing, but they have the disadvantage of being 
highly special to the particular problem and give us no clue to such 
important questions as (A) Have we found all the sollittions? (B) Are 
the conditions of the problem insufficient or redundant? (C) What 
are the mathematical principles which underlie the problem? The 
method (2) is very suggestive of answers to these questions. Since we 
are looking for two perfect squares whose sum is the difference of 
two perfect squares, we may recall that the differences of successive 
perfect squares are the successive odd numbers. It follows that any 
two squares whese sum is odd will have the desired property. In fact if 
x? +y* is odd, x*+y*+2z2 =w, where z = (x2 +y?~1)/2 and w = z+1. 





mam = h 6LrlC Oe 
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It follows immediately that there are an infinity of perfect squares 
satisfying this condition of the problem. Those which give possible 
ages for people are 1,4,4,9; 1,16,64,81; 4,9,36,49. The first and third 
yield prime grandfather's ages, but the first is certainly “startling”, 
and so is the second. Noting that the differences of alternate perfect 
squares are successive multiples of 4, we may look for two squares 
whose sum is a multiple of four. This yields 4,16,16,36, both startling 
and giving a non-prime grandfather's age. It is easy to see that no 
further unstartling ages can be found by considering differences of 
more widely separated squares. We can now answer the above questions 
as follows: (A) Yes, there is only one solution, but there are an 
infinity of perfect squares satisfying the equation x+y" +z° =», 
(B) The condition of primality is redundant. The solution of the problem 
is determined by the sum relations and the fact that the census-taker 
was “unstartled’’. It would be better to omit this condition and to 
indicate that the census taker made an “‘obvious’’ remark also about 
the grandfather’s age! (C) The problem is connected with the relations 
between perfect squares and arithmetic progressions. 

Also solved by H. E. Bowie, American International College; B. K. 
Gold, Los Angeles City College; P. Na Nagara, College of Agriculture, 
Bangkhen, Bangkok, Thailand; D. B. Pheley, Los Angeles City College; 
W. R. Ransom, Tufts College; L. A. Ringenberg, Eastern Illinois State 
College; Fern Spivey, Palms Junior H. S., Los Angeles; and W. KR. Talbot, 
Jefferson City, Mo. 


Condition for Concurrency of h., a, t. 


43. [Nov. 1949] Proposed by Victor Thébault, Tennie, Sarthe, France. 

Show that the necessary and sufficient condition that the altitude 
AA’, the median BB’, and one of the bisectors of the angle C of a 
triangle ABC be concurrent is that sin A/cos B = t tan C. 


I. Solution by P. Na Nagara, College of Agriculture, Bangkhen, 
Bangkok, Thailand. sinA/cosB = BC sinB/AC cosB = (BC/AC) tanB 
= (BC/AC)/(AA'/BA'), and tanC = AA'/A'C, so the given condition is 
equivalent to BA‘'/A'C = BC/AC = BC/2(B'C). 

Let AA’ cut BB’ at O, and let D lie on BB’ extended so that OB'= B'D. 
Since AB'= B'C, AOCD is a parallelogram, so AA’ is parallel to DC, 
Then BA‘ /A‘C = BO/OD = BO/2(OB'). If follows that if the condition 
holds, BC/B'C = BO/OB’, so CO bisects angle ACB and the three lines 
are concurrent. Conversely, if CC’ passes through 0, then BC/B'C 
= BO/OB', so BC/AC = BO/OD = BA'/A'C, 

If CC’ is an exterior bisector, a like procedure may be employed, 
with tan C = -AA'/A'C and D falling on BB’. 

II. Solution by D. L. MacKay, Manchester Depot, Vt. By Ceva's 
Theorem and its converse, the necessary and sufficient condition that 
the three lines be concurrent is (A’B)(B'C)(C'A) = (A‘C)(B'A)(C'B) or 
(ce cos B)(b/2)(bc/[a+6]) = (+6 cos C)(b/2)(ac/[a+b]). Whence 
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cosB = +t(a cos C)/c = tsin A cosC/sinC. Therefore sin A/cos B 
= ttanC, depending upon whether angle C is acute or obtuse. 


III. Solution by B. K. Gold, Los Angeles City College. If the 
vertices of the triangle are A(b,c); B(0,0), and C(a,0), then we have 
the equations 

altitude AA‘: x-b = 0, 
median BB’: ex-(atb)y = 0, and 
bisector CC’: cx + [a-b +t Je? + (a-b)*]y-ac = 0. 





If these lines are concurrent then the determinant of the coefficients 
vanishes, so a2*-ab + b Jc? + (a-6)? = 0 or 


[ac/ 162 +c? Jc? + (a-b)?) / (b/ Jb? +e*] = te/(a-b). 


Hence sinA/cosB = +tanC. 








IV. Solution by L. M. Kelly, Michigan State College. It is well 
known that the barycentric coordinates of A’, B’, C’, are respectively 
(0,tanB,tanC), (1,0,1), (sinA,sinB,0). Thus the equations of the three 
lines are x tanC -x, tan B = 0, z,-%, = 0, and x, sinB -x, sinA = 0. 
The necessary and sufficient condition that these meet in a point is 


0 tan C -tan B 
1 0 -] = @. 
sin B -sinA 0 


It follows that tanC = sinA/cosB. For an external bisector, CC’, 
the left hand member would turn out to have a negative sign. 

Also solved by R. E. Horton, Los Angeles City College, and W. R. 
Talbot, Jefferson City, Missouri. 

Editorial Note: The construction of ABC having AA’, BB’ and the 
external angle bisector concurrent is treated in National Mathematics 
Magazine, 15, 149, (Dec. 1940); 18, 91, (Nov. 1943). The case of the 
interior bisector is dealt with in The American Mathematical Monthly, 
44, 599, (1937); 47, 176, (1940) where the necessary and sufficient 
condition appears in the form c* = b* + a*- 2ba*/(b+ a). 


Pythagorean Triangles with Area Equal to Perimeter 
44. (Nov. 1949] Proposed by M. T. Goodrich, Keene Teachers College, 
Keene, N. H. 
Find all right triangles such that the sides are integers and the 
perimeter is numerically equal to the area. 


I. Solution by H. E, Bowie, American International College. Let 
c be the hypotenuse and a and b the other two sides. Then 


a2 +b? = c? and at+tbt+ec = ab/2 





eo @® oC rm 
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Eliminating c from these two equations, we have a = 4+ 8/(b-4). Now 
8/(b-4) is a positive integer for 6 = 5, 6, 8 and 12 oly. Since the 
equations are symmetrical in a and b, the only two distinct solutions 
are a= 5, 6 = 12, c = 13 and a = 6, 6 = 8, c = 10. 


II. Solution by Louis de Branges, III, Student, Massachusetts 
Institute of Technology. The parametric equations for a Pythagorean 
triangle are 


a = (x? ~y?)z, b = 2xyz, c = (x? + y*)z, 


where x, y, z are positive integers with x>y. The conditions of the 
problem are met if 2xz(x+y) = xyz*(x+y)(x-y). Dividing by the non- 
zero factors, we have x = y+2/yz. Thus (y,z) is restricted to (1,1), 
(1,2) and (2,1). The first two pairs result in the same triangle with 
sides 6, 8, 10. The second pair gives the only other solution, a 
triangle with sides 5, 12, 13. 

Also solved by Louis Berkofsky, Watertown, Mass.; M. P. de Regt, 
Walnut Creek, Calif.; Monte Dernham, San Francisco; Howard Eves, Oregon 
State College; B. K. Gold, Los Angeles City College; Thomas Griselle, 
Hollywood, Calif.; D. L. MacKay, Manchester Depot, Vt.; P. Na Nagara, 
Bangkok, Thailand (2 ways); W. R. Ransom, Tufts College; L. A. Ringenberg, 
Eastern Illinois State College; E. D. Schell, Washington, D. C.; W. R. 
Talbot, Jefferson City, Mo.; P. D. Thomas, Washington, D. C.; W. I. 
Thompson, Los Angeles City College; Samuel Wolf, Wilkinsburg, Pa.; 
and the proposer (2 ways). 

Editorial Note: If the problem merely required that the legs be 
integers, the result would have been the same, as may be seen from 
Bowie’s solution. Berkofsky showed that the 3, 4, 5 triangle is the 
only other triangle with a perimeter that is an integral mltiple (m) 
of the area, and in that case a = 2. 

This problem has enjoyed some popularity in the past, see, e.g.: 
Ladies’ Diary, 34, (1828); The Lady’s and Gentleman’s Diary, London, 
49-50, (1865); Dickson, History of the Theory of Numbers, Stechert 
(1934), Vol. II, 180, 195, 199; Alliston, Mathematical Snack Bar, Heffer 
(1936), 1; Kraitchik, Mathematical Recreations, Norton (1942), 101. 
Whitworth and Biddle [Math. Quest. Educational Times, 5, 54-6, 62-3, 
(1904)] proved that there are only five Heronian triangles whose area 
equals the perimeter, namely: (5,12,13), (6,8,10), (6,25, 29), 
(7,15,20), (9,10,17). 
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From time to time as space permits this department will publish problems 
which may be solved by laborious methods, but which with the proper insight may 
be disposed of with dispatch. Readers are urged to submit their favorite problems 
of this type, together with the elegant solution and the source, if known. 


Q6. There are n players in an elimination-type singles tennis tourna- 
ment. How many matches must be — (or defaulted) to determine 
the winner? [Submitted by Fred Marer) . 


Q 7. Find the first derivative of y = nx"/(@ 1n*), [Submitted by 
Samuel Skolnik]) . 


Q 8. Five cards are drawn at random from a pack of cards which have 
been numbered consecutively from 1 to 97, and thoroughly shuffled. What 
is the probability that the numbers on the cards as drawn are in 
increasing order of magnitude? [Submitted by J. R. Ziegler). 


Q 9. From each of two diagonally opposite corners of an 8" x 8" board 
a 1"x 1" square is cut. Can the remainder of the board be completely 
covered by 2”x 1" strips without overlapping? [Submitted by Raphael 
Robinson] . 


@ 10. Around a cylindrical tube, outside circumference 4 inches, length 
9 inches, ten turns of a wire are helically wrapped. The ends of the 
wire coincide with the ends of the same cylindrical element. Find the 
length of the wire. 


Q@ 11. Find the prime factors of 1,000,027. 
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THE CHRONOLOGY OF PI 
Herman C. Schepler 


(Continued from the March-April issue) 


1872. Augustus De Morgan (1806-1871), born in Madras, was a severe 
critic of the would-be circle squarer. Educated at Trinity College, 
Cambridge, and became professor at the University of London in 1828; 
celebrated teacher who also contributed to algebra and the theory of 
probability. Most of his references to circle squaring appear in his 
Budget of Paradoxes which was edited and published by his wife in 1872, 
after his death. Among De Morgan’s many antics regarding the circle- 
squarer, he ordained St. Vitus as the patron saint of the circle-squarer 
and suggested that Mr. James Smith (see 1860, James Smith) was seized 
with the morbus cyclometricus, defined as the circle-squaring disease. 
He tells of many of his experiences with cyclometers, such as the 
Jesuit who came from South America in about 1844, bringing a quadrature 
and a newspaper clipping announcing that a reward was ready for the 


discovery in England. [5], 330; [7]; [8], 305. 


1873. William Shanks, (1812-1882) (England). 707 places, using Machin’s 
forma. English mathematician. (See 1853, William Shanks). The value 
of 7 to 707 places is: 


3.14159 26535 89793 23846 26433 83279 50288 41971 69399 37510 58209 74944 
59230 78164 06286 20899 86280 34825 34211 70679 82148 08651 32823 06647 
09384 46095 50582 23172 53594 08128 48111 74502 84102 70193 85211 05559 
64462 29489 54930 38196 44288 10975 66593 34461 28475 64823 37867 83165 
27120 19091 45648 56692 34603 48610 45432 66482 13393 60726 02491 41273 
72458 70066 06315 58817 48815 20920 96282 92540 91715 36436 78925 90360 
01133 05305 48820 46652 13841 46951 94151 16094 33057 27036 57595 91953 
09218 61173 81932 61179 31051 18548 07446 23798 34749 56735 18857 52724 
89122 79381 83011 94912 98336 73362 44193 66430 86021 39501 60924 48077 
23094 36285 53096 62027 55693 97986 95022 24749 96206 07497 0304] 23668 
86199 51100 89202 38377 02131 41694 11902 98858 25446 81639 79990 46597 
00081 70029 63123 77381 34208 41307 91451 18398 05709 85 &c. 


(5), 206; [11], 261; [12], 77; (18), 16; [20], 188. 


1876. Alick Carrick (England). 3 1/7 (3.1428571---). Proposed in his 
book, The Secret of the Circle, Its Area Ascertained. Nature 15: 1876. 


1879. Pliny E. Chase, LLD (Haverford, Penna.) 3.14158499--- by 
geometrical construction. Pamphlet, Approximate Quadrature of the 


Y 


Fig. 4 
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Circle, Haverford, Penn., June 16, 1879. On the rectangular coordinates 
X, Y, lay off from a scale of equal parts, AB = 3; AC = 9; AD = 20; and 
AX = 60. Join C and D and through B draw BE parallel to CD intersecting 
the Y-axis at E, Take EY=AD, and join X and Y. Then XY:AD::Circum:Dian., 
nearly. The error is -.00000766-::. [9], 9. 


1882. Ferdinand Lindemann (1852-1939) (Germany) proved 7 to be trans- 
cendental, i.e., cannot be represented as the root of any algebraic 
equation with rational coefficients. He also proved the quadrature 


impossible. [5], 446; [19], 41. 
1888. Sylvester Clark Gould (1840-1909). U.S.A. Editor of Notes and 


Queries, Manchester, New Hampshire. Due to popular demand for infor- 
mation on the subject of the quadrature, Gould was provoked to compile 
a bibliography on the subject which he titled, What is The Value of Pi, 
and published in 1888. 100 titles are presented which give the results 
of 63 writers. With the exception of two items the titles are al] 
dated in the 19th century. [9]. 


1892. New York Tribune. (U.S.A.). 3.2 A writer announced this ratio 
as the rediscovery of a long lost secret which consisted in the 
knowledge of a certain “Nicomedean line’. This announcement caused 
considerable discussion, and even near the beginning of the Twentieth 


Century 3.2 had its advocates as against the accepted ratio 
3.14159 ---. [18], 29. 


1906. A. C. Orr. (U.S.A.). Literary Digest, Vol. 32. A mnemonic 


sentence is given for 7. The number of letters in the words give the 
digits in the number 7 to 30 places. 


“Now I, even I, would celebrate 

In rhymes inapt, the great 

Immortal Syracusan, rivaled nevermore, 
Who in his wondrous lore, 

Passed on before 

Left men his guidance 

How to circles mensurate”’. 


A sentence giving 7 to 31 places appears in [14], 67; a French verse to 
30 places may be found in [16], 89. [6], 19; [15], 50. 


1913. E. W. Hobson (England). 3.14164079.... By a geometrical con- 
struction. Given in reference [10], by Hobson. Probably developed by 
another author at an earlier date. 

Let r be the radius of a given circle whose diameter is AOB. Let 
OD = (3/5)r; OF = (3/2)r; OE = (1/2)r. With DE and AF as diameters, 
describe semicircles DGE and AHF, Let the perpendicular to AB through 
O cut these semicircles in G and H respectively. GH is the side of a 
square whose area is approximately equal to that of the given circle. 


The error is +.0000481---. [10], 35. 
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1913. Srinivasa Ramanujan (Ramanujacharya) (1887-1920) (India) 
3.1415926525826 ---. A mathematician who contributed several notweorthy 
approximations for evaluating 7, both in empirical formulae and 
geometrical constructions. See Approximate Geometrical Constructions 
for Pi, Quarterly Journal of Math., XLV, 1914, pp. 350-374. See also, 
Collected Papers of Srinivasa Ramanujacharya, edited by G. H. Hardy, 
P. V. Seshu Aiyer and B. M. Wilson, published by University Press, 
Cambridge, England, 1927. A curious approximation to 7 obtained 
empiracally is: 


2)1 
| 9? + ar | = 3.1415926525826 .-.. 
The following construction is given for this value: Let AB, Figure 6, 
be a diameter of a circle whose center is 0. Bisect the arc ACB at C 
and trisect AO at T, Draw BC and on it lay off CM and MN equal to AT. 
Draw AM and AN and on AN from A, lay off AP equal to AM. Through P draw 
PQ parallel to MN and meeting AM at Q,. Draw OQ and through T draw TR 
parallel to OQ, and meeting AQ at R. Draw AS perpendicular to AO and 
equal to AR, and draw OS. Then the mean proportional between OS and 
OB will be very nearly equal to a sixth of the circumference, the error 
being less than 1/12 inch when the diameter is 8000 miles. The error 
is —.0000000010072 ---. _ 








Fig. 6 
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1914. T. M. P. Hughes. (England) 3.14159292035 --- by geometrical 
construction. The Diameter of a Circle Equal in Area to any Given 
Square, Nature, 93:1914, page 110. This is a construction for the ratio 
355/113. Make a circle with diameter = 11.3. Let AX = 8 7/8. Draw a 
perpendicular from X to cut the circle in Y. Join AY, and extend the 
line to Z. The construction is derived from the approximation: 
AX:AB = n/4 = 355/4°113 = 710/8°113 = (8 7/8)/11.3. Any circle 
with its diameter upon AB and one extremity of that diameter at A, will 
cut the line AZ (or AZ produced) in a point Y’, making AY’ the side of 
a square equal in area to the circle. Also, a line from Y’ perpendicular 
to AB will cut the diameter in a point X', making AX’ equal to 1/4 the 
circumference of the circle. Again, any square with its base upon AB 
and a corner at A, will cut AZ with side X'W in a point Y', making 


AY’ the diameter of an equal circle. The error of this quadrature 
is —.000000266 ---. 








1914. Scientific American, Mar. 21, 1914. (U.S.A.). The following 
mnemonic sentence is given for pi: “See I have a rhyme assisting My 
feeble brain its tasks sometimes resisting”. The number of letters in 
the words give the digits’in the number 7 to twelve places. 


1928. Gottfried Lenzer. U.S.A. 3.1378---, an approximation obtained 
geometrically. In March 1928, Lenzer bequethed the University of 
Minnesota with 60 drawings dating from 191] to 1927, regarding the 
three classical problems. His geometrical construction for squaring 
the circle gave 7 = 3.1378°*:*. Some Constructions for the Classical 
Problems of Geometry Amer. Math. Mo., 37, Aug.-Sept., 1930. p. 343. 


1933. Helen A. Merrill (U.S.A.) 3.141591953 --- by geometrical con- 
struction. Given in reference [16], by Merrill. Probably developed by 
another author at an earlier date. In Figure 8, let AB, the diameter 
of a circle, be 1. Construct radius OF perpendicular to it. Tangents 
drawn at A and E intersect at F. On AB produced, lay off BC = 1/10, 
and BD = 2/10. At D draw DH perpendicular to AD and meeting FE extended 
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at H. Join A and H. From F on FA extended, lay off FG equal to FC. 
Through G draw a line parallel to AH, meeting FH extended in P. Solving 
from the relationships set up in the construction, GP = 3.141591953 --- . 
The error is -.000000700---. [16], 86. 


J 

















Fig. 8 


1934. Carl Theadore Heise! (U.S.A.). 3 13/81 (3.1604938 --- ). Proposed 
in his book, Mathematical and Geometrical Demonstrations. This book is 
1%” thick by 64” x10". It was printed at the author’s expense and 
distributed to libraries without charge. 


1941. Miff Butler. U.S.A. Geomath, General Engineering Co., Casper, 
Wyoming, 1941. Claimed discovery of a new relationship between 7 and 
e. Stated his work to be the first basic mathematical principle ever 
developed in the U.S.A. He got his congressman to read it into the 
Congressional Record on June 5, 1940. 


1949. U.S. Army (U.S.A.). 2,035 places. Yielding to an irresistible 
temptation, some mathematical machine operators presented the problem 
of evaluating 7 to Eniac, the all-electronic calculator at the Army’s 
Ballistic Research Laboratories in Aberdeen, Maryland. The machine’ s 
18,800 electron tubes went into action and computed 7 to 2,035 places 
in about 70 hours. In 1873, William Shanks gave the value of 7 to 


707 decimal places (527 correct). The computation took him more than 
15 years. Scientific American, Dec., 1949, p. 30 and Feb., 1950, p. 2. 


Stanford Research Institute, 
Stanford, California. 
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